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Limits on Proof Length

A PCP verifier can treat the PCP Sh'in\c’ as an MA Proo{: Si'rins (read it in full),
In particvlar, PCPLE €, 2,q,r vt] & MALE s, pe=Lologlzl b, vt =vE+ Lologlz) ]

Hence, PCP strings are ot least as long as MA proof strings ;

they inherit the limitations on proof length of MA proof strings .

We proved that MALE., &, pe,vt] S BPTIME (20¢P. poly(ﬁ,vt)),
Hence PCPLEe,€s,Z,4,vt] = BPTiME(2OC!92N. P°'7(n-s'¢-s,"’t))-

VA e 4

We dedUCQ/Q.S./ 'H)O."' a.. PCP 'FOI’ 3SAT with 2.'09,Z|=°(#variablqs) violotes RETH

PCPs  tay have ADPITIONAL limitations on proof length
Example: Every NP relotion R={(xw):..} has o PCP with £=poly(ix1).

Con we ochieve PCPs with £=Poiy(lw0? (We expect £21wl by the above ou-sumen’rs.)

theorem: Tf SATe PePlEc=0, €=V T={o)},¢- poly (#variobles) q=0(1) ]

then NP< coWP/, (and so PH collapses),

This question is related to Iwstance ComprEssion for NP,



Limits on Query Complexity [1/2]

Recall the PCP Theorem: NP < PCP[&:O, €= VA , 2 ={o,1} , L= poly(n)/ q=0(l), I'=O(|03n) ] .
Q: How small can query complexi+y be ¢

Hard languages are unlikely o have one-query PCPs :

lemma:  PeP[ e 65,7, 2, =1, 1] < BPTimME (2215, poly (o))

proof: We prove thot PCP[€c,&,Z,2,q=1, t] € TP[E,Es, K=l, pe=loglZ], ve= |og£].
Consider the Following (Priva’re-c_'oin i-round ) IP protocol ,
Pre(x) Vzp (x)
Sample e {0}

T\'::ﬁ,q,(x)ezz ' Compute i:=Qy,lxg)ell].

o:=TlileX 0. Check that Dy,lx,ea)=1.
The lemma then follows from IP[EC,ESI pc,vel] ¢ BPT'IME(.?\O(P(WC)- POI)'(l—sL-s,'n)) . |

ExampLe: a one-query PCP for 3SAT with loglZi= o(#variables) contradicts RETH .

'\¥ |°%‘Z\=#Vd\"l<kb\QS then 1 Symbo\ con. entode O Condidate &SSiC\ganl\-\'



Limits on Query Complexity [2/2]

The sitvation for TWO—c]uel—y PCPs is different,
* Non-adaptive two-query PCPs over the binary alphobet are unlikely.

lemma:  pcplé =0 €<l T={o] £ q l—] < DTIME (2" vl:+Poly(!l)) < in P if . £=poly(m). and F=0(logn)
proof: View a candidate PCP string as £ variobles 2.2,

The decision of V(x;9) is & function @ ,(2,.,2,) that depends on 2 variables,

- I[ xelL then 3a,.accfon} /\e{o,} Peg(Qy,.,q0) =1 .

-TI1 xelL then VYa,.aeefo} & |{9€{°l}r Peglay,a0)=1} < €<l

Deciding between these is o 2SAT mshxnce with £ variables and 27 clavses .

There is o poly(n,m)-time algorithm to decide n-variable m-cavse 2SAT . H

* There are (nOﬂ’OdQPﬁVQ) hvo-c'very PCPs over laraqr Q'P)\QbQ','S,

lemma: JceN NPcPep [E=0, &=1-L,5={0,11", L=poly(n) q=2, F=0(logn) ]
proof:  Apply trivial query bundling to the PCP Theorem, B

1 | e,
PCi’[‘ECIESIZIZIqu]ePCP[,QCIES—_I—'ﬁ 7= )@ L+2" q'=2/r'=r‘+losq]



Limits on Soundness: the Bit Barrier [1/2]

A PCP verifier reads q-loglzl bits from the PCP string,
For NP lanquages this is interesting when q-log|Z] < |witness| .

-q Note: readins the witness
In this regime the sovndness error must be Lﬂ-l( |ZI ), ochieves soundness error £5=0,

theorem: Ass\;m’m3 RETH (the randomized exponential-time hypothesis) ,

3SAT does not hove a PCP  where q-loglZl=o(n) and £=o0121")
The theorem is bosed on a counting arqument for ”oJWQ)lS rejec+in9\\ Fondomness .

def: Ans(x,Tg)eZ! are the q symbols in 2 read by VIx;¢)  for o given Te> and ge{O,I}W.
def: For ael VE(x;9) is defined as VT(x;g) if ITeZ’ st Ans(xTg)=a (and 0 obherwise) .
(This is well-defined becavse ¥ T The Z¢ ¥gelon? Ans(xT,e)=Ans(xTog) = V(x;0)=V(x;g) .)
The et of AvLwars RETECTING Fondomness is:
R(x):= {sefoll" : ¥aeZ' V™(x;¢)=0}.

If & is small enough then R(x) is non-empty:

claim: ngl__/ |K(X)| 2 (I—|Z|q~€s) Q'




Limits on Soundness: the Bit Barrier [2/2]

claim: ¥xgl, [RG)|2 (1-1Z1"&) 2"
Bn—oof: Define S(x) =={(T|',g)€zzx{°,'}vr . V"(X;§)=' }
By definition of soundness etror |S(x)| < |z\l‘5s‘lw.

We argue that IS 2 | {o,3" \ R(x)l-lZlQ'q

_ LY L A
S(x) = ge{o,u}"’a > {(me): vi¥x;0)=1 A Ansix,mg)=0 }
so
\S(x)l=g€%ﬁvr o}equ S(x,g,a)l

} gé{ﬂl VI'\ K(x) | Qkiqu S(xlg/Q) | (geK(X)") VQ S(X,g/Q) =¢ )

2 Z min lS(X,g,Q)' (no 3Uqron‘|'ees thot $(x,3,0,) and S(X,Y,Q;_) d'\ﬂ-'er)
sefo, ]\ R(x) aeZ]

> Z |Z‘|Q'q. (ot most q. answers of o PCP string. are constrained) H
ge{oll} \R(x)

corollary: ¢.+[Z[Teg<| = PPl €& 5,¢,q ] < BPTIME [el=¢, €=12]% € time=1Zvt, rond=vr ] .

proo of: (Consider the probabilistic decider A(x):= V':“](x,g) (for o rondom g) |

o(n) )

Hence 3SAT € PCP[ €, <! , 8S=o(lZl-1)/ 2, l/q,vr] IMFIIQS 3SAT € BPTIME (2° violod'ins RETH .



Limits on Soundness: the Guessing Barrier

The Bit Barrier sugqests that one may orbitrarily reduce soundness error by increasing alphabet size.
E’f" covld one l\ope. o show thot 3SAT e PCp [E(=o,€s=2—ﬁ/ Z={0,\}ﬁ/ £=Foly(h)/ q=0(l) ]7

No, we show o Guessivg Barrier : the sovndmess error must be LQJ(Q—?'lOJQ).

+Hheorem: ASSumin3 RETH (the randomized exponential-time lnypo’rhesis)/
-q-log4
3SAT does not have o PCP where q-(logl + log1Z1) = o(n) and =0V

In particular, for Z=poly(n) and ¢=00) we get & poly (5 ).

In this regime we cannot achieve exponentially-small error (regardless of alphabet size),
The theorem follows from a generic lemmo abovt ALGORITHMS For PCPs .

lemma: et Le PCPLé,Es, ¥ £,q,r]. Then

-q-logd . -(loq2+tlo
€ < (1-€)- 2 TN — Le BPT'ME( 20(‘1 (egt s‘ﬂ))' Po|>' ((l-sc).z"ll"‘az- .’ h)) .

The proof has two steps: ® from PP Yo loconic MA protocol
@ from laconic MA protocol to BP a\goriH\m



Step 1: from PCP to Laconic MA

lemma: et LePCPLé,€, % £,q,r]. Then
_q-logl oo
£ < (1-€)- 27— e maf&- l-(“&)'lqlaz, €s=€, pc= cy-(losﬁ*rloslil),vr:r]

proof:  The MA protocol is as Follows:

Pua (%) Vualx,T)

|, Compute TI = Rpep(x), . Sample gelo ) and parse T as (@,0eE%).

2. Sample random a<—([§]). 2. Run Vpep(x;3) and answer query ie@ with alil.
3. Send m:= (Q,T[[Q]), (Ke\‘)ec:\‘ if any query outside of @.)

Completeness: Tf xel then, for TLi=Fpx), B[V (x;e)=1]> I-€c .

With p\—obmbil’n‘yz({li )"zz'ﬁ-loaé/ Pua samples the correct query set.
So Pryy [ Vin(x.(@,mta))=1] 5 (e 21°F

Soundness:  Suppose that for xgL there is T=(8,0e3%) st B[ Via(x,m=1]> &,
For II="equal fo a and arbitrary on [ﬂ]\@“’ we have B[ Ve (x)=1]> €&

Prover communication: |11l = @)+ ITL[R]] = q-losﬁ t q'\osl)il ] H




Concluding the Proof of the Lemma

lemma: et LePCPL&,€s,%,£,q,r]. Then
e < (mg)- 77 5 | BPT]ME(zo(q.uogmoa‘zn). soly (( | h))

|-€<)°2-q.‘°3§“ ES !

.Fﬂﬁ The lemma is a direct consequence of the two inclusions below,

® Prior slide: from PCP to laconic MA Profocol
-q-lo
& < (l‘gc)°2q SZ — PCP[ec,ES/ZIK,q/V]
c MA[E! - |_(|_&).2"'"°3¢l Eslzgs, pe = q-(losﬁ’rloslil),vrf-l']

@ Prior lecture: from laconic MA pro’rocol to BP a\goriH\m
MA [.Ec/ ES/PCI Vt‘] c BPTiME( ZO(PC) * PO')’ ("';c'sslh)) .

Remark: The bound £, < (I—&)-Z-c"losz can straightforwardly be improved to
g < (1-€)- 27" where h is the query entropy of the PCP.
The query entropy of (PV) for R is hi= max_ min_ hixw@) > |03($)>,q|ogﬁ where

(xw)eR s<(]
h(xw,@) := -’oa PrlVTx) reads exactly @ | T P(x,w)] is +he entropy of Q c[L] on (xw)eR.



Towards The Best Soundness

The BiT BARRIER and Guessivg BARRIER together tell us that for a PCP we expect
Eszn.{)_,(max{lzrql y) )

A major open question is achieving this best soundness for polynomial-size PCPs ,

-0(‘09‘)- |

_q-log?
The prevailing belief is that for ¢=0(1) every soundness error ez 27180
poly(n)

1S achievable with alphabd‘ size 'ZL‘((%)?:POI)'(%)-

SLiDING ScALe ConIECTURE

queN ¥é&2——
|

Shdmg parameter

log L
,7( . NP PePL€c=0, &=¢, 3= 10198 g _ poly(m), 9=90, = Ollogn) ]
Such PCPs have QPPIicod'ionS:
o shorter succinct argumen'rs ({—ewer PCP queries for the same secutity |evel)

* improved hardness of approximation (esPec'\ole if the PCP is o ”Pro)ecfion game“ )

Applying o technigue Known os PagaLeL RepeTiTiov to +he PCP Theorem achieves the Bit Barrier
but not the Guessing Barrier (os proof length blows op)
theorem: ¥e>0 NP < PcP[ =0, 6= Z={q Pl ?) f=r\°('°3%), q=2, F=0(log:-logn) ]
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The Case of IOPs: Proof Length

An IOP verifier con treat an IOP interaction os oan IP interaction (read each prover message in tull ) .

In P&H‘iCVlC\I’, IOF[&,ES/ k/Z,Z/q/r/ Vl:] < IP[&,ES,K, Pc=.€-|03\2|/\'/ vt'=vl:+£-\o3\>:\] .

Hence, proof ler\g'H\ of a Prover-‘ro-veri?ier communication of the
>
Priva’re-coin /Public—coin T0P corresPondins Priva’re—coin /Public—coin IP

IOPs inherit the limitations on communication complexity of IPs

IOPs may have ADDITIONAL limitations on proof length
However there is a Key difference with PCs @ SAT has an TOP with Z=Foly(#variables) )
Thot said L=poly(iw) is not achievable by TOPs for all NP relations,

theorem: T§ (sATe IoP[ =0, &=, K=00) 2= {o,1} - Poly(# inPufs)/ q= O(|03 #qates) ]

Hhen “some plavsible coniecture abovt CSAT is false ' |
p )
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The Case of IOPs: Soundness

Can we hope for significantly smaller soundness error via TOPs compared to PCPs?

The answer is N0 (+o o first order) becavse similar soundness barriers hold .

An TOP verifier reods qoloslzl bits from the TOP strings,

Note: readina the witness
For NP Iangvages this is im‘eres’ring when q-103|21« lwitness| . achieves soundness error €= 0.

TIn this regime the soundness error must safisty Es=L(L(max{|Z|-q/ ket y) .

First we establish o BiT BARRIER ,

lemma: ¢ 4 |3|7e <1 — TOP[E,&sk,T,0,q,v] € BPTIME [&=€ €=1Z1V€ time=IZi"vt, rond=v+ ] ,

proof:  Unroll the LOP into o (very Io:\sl) PCP.
This preserves all parameters but for proof length. Invoke the Bit Barrier for PP, |

Hence 35AT € ToP[ €< &=o(IZI™") k Z,£,q vr] implies 35AT € BPTIME(2°™)  violating RETH.

The toKeoway is that the round comPIexﬂ'y k does not affect the BiT BARriER,

12



The Case of IOPs: Soundness

We can also establish o Guessivg BARRIER but this Fequires more care

By des’usninj svitable ALGORITHIMS For IOPs we can Show that €.-= LﬂJ(f?'bﬂQ}.

The generic technical lemma is as follows .

lemma: et Le ToPL&,€s, Kk, Z, £, q,r, poblic-coin]. Then

—q-logl . .(\o f mindkq}
fo< (me) 2T — e gprime (204 10950, poly (—tarmre ) )

|‘5<)'2-q.‘°32‘ &s '

The proof has two steps: ® from (public—coin) ToP to laconic (public-coin) IP Proi'ocol
@ from laconic (Public-co'\n) IP protocol to BP a\goriH\m
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